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Eigenvalues and vectors:

Let A be a square matrix of order n.Ais an eigenvalue of A if there exists

a non-zero vector X such that:

AX =AX

Ais called the eigenvalue associated with the vector X.

X is called the eigenvector associated with the valueA.




Eigenvalues and vectors:

Let A be a square matrix of order n.Ais an eigenvalue of A if there exists

a non-zero vector X such that:

* The eigenvalues of a diagonal matrix are the elements of the diagonal.

* The sum of the eigenvalues equals the matrix trace.

* The product of the eigenvalues equals the matrix determinant.

* The characteristic polynomial is written:

Xys(X) = (-1)"X"+ (-1)" trace(A)X" 1+ ... +det(HAS)




Eigenvalues and vectors:

Example :
1 3 3 -1
A = -2 11 -2 X=1 o
8§ 7 6 1

Check that X is an eigenvector of the matrix A associated with an

eigenvalueAwhich must be calculated.



Eigenvalues and vectors:
Calculation of eigenvalues:

Ais an eigenvalue of the matrix A; thus there exists a non-zero vector X

such that:

AX =AX

Thatistosay (A-AI )X=0 = Det(A-Al)=0



Eigenvalues and vectors:

Calculation of eigenvalues:

Example: Let A be the previous square matrix:

I 3 3
Det(A -Al )= 2 1 2 | -A
8 -7 6
-7 3 3
That's to say -2 -1 =0
8 7 6 -1




Eigenvalues and vectors:

Calculation of eigenvalues:

Example: Let A be the previous square matrix:

a3 3 A3+ 18A2-51A-182 =0
-2 11-X =0
8§ 7 6 -(A+2)(A- 7)(A-13) =0

The eigenvalues of A are:A;=-2; A,=7; A;=13.

The polynomial characteristic of A is: X, (x) =-x3+ 18x2-51x -182

We can verify that: X,(x) = (-1)3x3+(-1)?Trace(A)x?-51x +Det(A)




Calculating the power of a matrix:

Example 1:

Let A be the matrix below; calculate A™or 0<n<5.

Az(_42 D
Solution :
oy 1) A= ) Ay D) oA
A4=(—114360 —6;9) Asz(—le; —i;}))



Calculating the power of a matrix:

Example 2:

Let M be the matrix below; calculate M2and M3.

(a b
M _(c d)
Solution:
, a’+bc  ab+db
M™ = ,
ac +dc d + bc
a® + 2abc +bed ba’ + abd + bd "+ bc
M’ =

ca? +acd+be? +cd’  d’+2bed + abe

What is complicated in calculating the powers of a matrix is that all the

coefficients are dispersed during the multiplications.




Calculating the power of a matrix:

Simple case:

If A is a diagonal matrix, its power A"is diagonal too and each

element a; from A" equal to the element a; of A raised to the power n

(ayM=as;").
Example :
30 0 . 3" 0 0
M={,y 7 o M =14 7% o
0 0 5 0 0 5"



Calculating the power of a matrix:

Trick :

If we can factorize A into A = PDP-1suchthat D is a diagonal matrix and

P-1is the inverse matrix of P, we can thus easily calculate A".

A =PDP!

A2= (PDP-1) (PDP1) = PD(P-'P)DP-'= PDIDP-!=PD2P"!

A3= (PD2P-1)(PDP1) = PD3P"!

Ar=PDnp-1



Calculating the power of a matrix:

Previous example:
(5 DG 26 26 D)
=G ) ) e )

Anz(—11 _21)(30n zon)(i D



Calculating the power of a matrix:
Relationship with eigenvalues:
A =PDPl< AP =PD

X - - X -
X : X

C;are the columns of P D is a diagonal matrix




Calculating the power of a matrix:

Relationship with eigenvalues:

X =
. I I X. . X C

Commutative multiplication by a scalar

X=X=X

AC=AC

Principle of
eigenvalues and
eigenvectors



Calculating the power of a matrix:

Relationship with eigenvalues:

X : X
A P P

» The matrix P is formed from the eigenvectors of the matrix A
(each column P, of the matrix P corresponds to an eigenvector C,).

» The matrix D is formed from the eigenvalues of the matrix A (each
elementD,in the diagonal of D corresponds to an eigenvalue A, ).




Calculating the power of a matrix:

Relationship with eigenvalues:

X : X
A P P

To calculate A™, we first calculate the eigenvalues A, of A and the
corresponding eigenvectors C, then we form the matrix D (diagonal
matrix) from the eigenvalues A, and the matrix P from the
eigenvectors C, from A.

Then we calculate D™(diagonal matrix containing (A,)", (A,)"..(A, )™as
diagonal values.

Finally we calculate A™= P x D™x P-1,

The order of correspondence between the A, and the C..




Calculating the power of a matrix:

Example :

Let the matrix A be the
following:

1- Calculate the eigenvalues and eigenvectors of A, and deduce the
matrices P and D such that A=PDP-..

2- Calculate A®, then find the formula for A®.



Calculating the power of a matrix:

Example :

1- Eigenvalues:

A-M|=0 &det| 4 54 -1 |=p

(3-1)(5-N)(7-1) = 0 <A,= 3;:4,= 5A,= 7.



Calculating the power of a matrix:

Example : S

1- Eigenvectors:
X;=| x, | suchasX; #
> A=3:

X; |0

HASX,=A, X & AX = 3X|
< 4x,+ 5x,- X3= 3X,

7X3= 3X;

—3x1 -2X5= 3X; 3X;= 3X3 g A

7X = 3X,<Xx,= 0 x3=0 0
e 3 3 |3 - )




Calculating the power of a matrix:

Example : S

1- Eigenvectors:
X,=| x, | suchasX,#
» A,=5:

X; |0

HASX,=A, X, AX,= 5X,
< 4x,+ 5x,- X3 = 5X,

7X3= 5X;

—3x1-2x3: 5x, 3X;= 59X = x= 0 : )

= 4x,+ 5x,- x5 = 5x, T 9X,= 5X; = X=| 1

_7x3: 5X3X5= 0 X3 0 \ 0 )




Calculating the power of a matrix:

Example : g A

1- Eigenvectors:
X;=| x, | suchasX;#
> A=T7:

X; |0

HASX;=AX; AX = 7X;
< 4x,+ 5x,- X3=7X,

7X3= 7X5

- 4y — _ r )
3x,-2X5= 7X, 4x,= -2x3 x,=- Voxg

Z
< 4x,+ 5%, x5= 7x, | Xp= -3/2x3 = X,=| 3/2




Calculating the power of a matrix:

Example :

1- PDP decomposition:

D is a diagonal matrix containing P is a matrix formed from the
the eigenvalues of A: eigenvectors of A:



Calculating the power of a matrix:

Example :

1- PDP decomposition:

D is a diagonal matrix containing P is a matrix formed from the
the eigenvalues of A: eigenvectors of A:

The correspondence between theAand X,




Calculating the power of a matrix:

Example :

1- PDP decomposition:

D is a diagonal matrix containing P is a matrix formed from the
the eigenvalues of A: eigenvectors of A:

The correspondence between theAand X,




Calculating the power of a matrix:

Example :

1- PDP decomposition:

D=| 0 5 p=| -1 1 [3/2
L o @ SR
D is a diagonal matrix containing P is a matrix formed from the
the eigenvalues of A: eigenvectors of A:

The correspondence between theAand X,




Calculating the power of a matrix:

Example :

1- PDP decomposition:

73 0

D=| O 5

\0 0
P-1=

0 )

&’

0




Calculating the power of a matrix:

Example :

We can clearly verify that:

/1/2 0 1/2\ /3

1 1 32| o0

\0 0 -1/ \O
P




Calculating the power of a matrix:

Example :

2- Power of AS:

A = P*D*P-1< A>= P*D>*p-1

243

0

\2

3125

0

0 )

0

168@



Calculating the power of a matrix:

Example :

2- Power of AS:

AS= P*D5*P-1=
/1/2 0
-1 1
0 0
-

(" s

* 0

\O

35

_2*35+2*55

\_ 0

0
55

0

0
55

0

o) (2 o
0o |*| 2 1
7-5/ \0 0

'\

1/2*35_1/2 >|<75

-3545 /2%55.3 /2*75

7° Y




Calculating the power of a matrix:

Example :

2- Power of AS:

AS= P*D5*P-1=
/1/2 0
-1 1
0 0
-




Calculating the power of a matrix:

Example :

2- Power of A™:

An= P*pDn*p-1=
/1/2 0
-1 1
0 0
-

s

* 0

\O

-

_2*3n+2*5n

\_ 0

0
5n

0

0

5n

0

o) (2 o
0o |*| 2 1
7 \O 0

1/2*3n_1/2 *7n .\

-3n45 /2%5n.3 /2*7n

" Y,




Appendix:

Exercise:

Let the matrix A be the 2 1 0
following:

e (Calculate the determinant and trace of A.

* Give the characteristic polynomial of A.

* Knowing thatA=1 is an eigenvalue of A, without using the formula
|A-AI|=0 calculate the 2 remaining values.

* Give the PDP decomposition!from A then deduce the formula of A™.

» Taking advantage of the formula of Atalready calculated, deduce
Aland A=

* Compare the results obtained with the traditional calculation of the
inverse of a matrix.



